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ABSTRACT

Subspace Clustering (SC), a generalized task of Principle Component Analysis (PCA), has been used
extensively for dimensionality reduction of high-dimensional data. Recently, several methods have been
proposed to enhance the robustness of PCA and SC, but most of them are computationally expensive,
especially for high-dimensional large-scale data. In this paper, we develop a much faster algorithm for
optimizing the NP-hard SC objective using a sum of the a-th power of ¢o-norm with 0 < a < 2, where
a = 2 is the standard choice and o < 2 enhances the robustness of SC. The known implementations
achieving a local optimum of the objective would be costly due to the alternation of two separate tasks:
optimal cluster-membership assignment and optimal subspace selection, while the substitution of one
process to a faster surrogate can cause failure in convergence. Furthermore, such an alternating method
has been often criticized due to the sensitivity of initialization. To address the issues, our proposed
algorithm has the following key features: (a) release nested robust PCA loops for subspace update,
(b) use a simplified singular value decomposition that only requires a few matrix-vector multiplications
instead of solving an expensive eigenvector problem and (c) initialize carefully to avoid poor clustering.
We prove that it monotonically converges to a local minimum of the SC objective for any 0 < a < 2
and finds the true clustering under a statistical assumption on data. In our experiments, it is shown
to converge at an order of magnitude faster than the standard implementation optimizing the same

objective, and outperforms known SC methods in the literature for MNIST handwritten digit dataset.
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Chapter 1. Introduction

The investigation of regularity in high-dimensional data generally seeks a low-dimensional represen-
tation with a few simple rules that explains dominant properties of the system [1, [2]. Subspace Clustering
(SC) is one of popular methods for dimensionality reduction, where it generalizes Principal Component
Analysis (PCA) [3] by finding multiple low-dimensional subspaces instead of single one. SC has found
numerous applications in computer vision [4} 5 [6] [7], DNA microarray analysis [8[9], text-mining |10} [11],
recommendation systems [12] [13] and system identification [14]. We refer the survey paper [7] on the SC
literature for interested readers.

However, the true low-dimensional structure often cannot be retrieved due to noise. In particular
from a few large anomalies or the complete corruption of elements, even when most data follow the
regularity in the low-dimensional subspace. To alleviate the effect of such noise, an algorithm needs
to incorporate robustness by using less information from data abnormally separated from the majority
of data. Canonical methods for incorporating such robustness have appeared in improving PCA. The
squared fo-norm in the traditional PCA objective has been replaced by different ones to enhance the
robustness, e.g., ¢1-norm [15] [16] [17], [I8] [12] and non-squared f3-norm [19, 20, 2I]. In general, the
optimization with £;-norm uses non-analytic methods, whereas that with (squared or non-squared) ¢o-
norm can use analytic solutions such as Singular Value Decomposition (SVD) that makes the algorithm
interpretable and scalable with appropriate approximation. The additional benefit of ¢5-norm is providing

rotational invariance [19].
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(a) High level description of robust SC using RPCA-OM (b) High level description of our approach

Figure 1.1: Comparison of (a) EM implementation of subspace clustering for & = 1 and (b) our approach

for subspace clustering for 0 < a < 2

In this paper, we study robust SC methods via optimizing a sum of the a-th power of {3-norm with
0 < a < 2, under the assumption that data are composed of m clusters of different low-dimensional affine
subspaces. The classical non-squared and squared ¢s-norms correspond to a = 1 and o = 2, respectively,
where we study more general setups and smaller « that can be used to further enhance robustness.
This optimization task is NP-hard and generally performed via alternating two steps of Expectation
Maximization (EM) style: optimal cluster-membership assignment and affine subspace selection for
each cluster. In particular for @« = 1, a sum of non-squared fs-norm objective, the affine subspace
selection, called Robust PCA with Optimal Mean (RPCA-OM), was recently studied [21], while that
of linear subspace selection was developed much earlier [19]. The authors of RPCA-OM propose an
alternating procedure between SVD iterations and objective re-weighting. High-level description of
the EM implementation using RPCA-OM is in Figure (a). Here, RPCA-OM becomes a major

bottleneck, and the naive back-and-forth optimization is infeasible for large-scale high-dimensional data.



In particular, due to expensive computation of SVD and slow convergence of the nested RPCA-OM

loops.

Contribution: To optimize the SC objective using the a-th power of {5-norm, we first design a gener-
alized version of RPCA-OM that works for any 0 < o < 2, which we call a-PCA where 1-PCA coincides
with RPCA-OM. Then, we modify the optimization in a-RPCA for subspace selection and dramatically
reduce the running time over the naive EM scheme. Instead of performing exact SVD calculations in
a-PCA, we use a simplified procedure requiring a few matrix-vector multiplications for subspace update,
where it is a few iterations of the subspace-iteration method (also called orthogonal-iteration) [22] using
QR decomposition. Here, the main assumption is that the matrix-vector multiplication can be done effi-
ciently. We further release nested a-PCA loops, i.e., perform the clustering assignment without waiting
for the convergence of subspace update. Our approach is summarized in Figure (b).

Despite these modified efficient procedures, we prove that the proposed iterative algorithm mono-
tonically converges to a local optimum like the EM scheme. As we reported in Chapter [5], our proposed
algorithm computes a solution of the same quality with those computed by the EM scheme at an order
of magnitude faster. Such a monotone convergence is not clear even for m = 1 and o = 1, where the
authors of RPCA-OM recently established it. The cases a # 1 or m # 1 provide additional technical
challenges in establishing the monotone convergence, where our proof utilizes structural properties of QR
decompositions and certain monotonicity in terms of a. The spirit of our idea “Don’t wait convergence
for convergence” for such efficient subspace selection is similar, for example, to contrastive divergence
learning [23] and inexact augmented Lagrange multiplier [24]. However we emphasize that their correct
convergences do not hold in general.

Moreover, we also propose an initialization method to avoid poor clustering, where iterative optimization-
based SC algorithms without careful initialization have been often criticized in the literature [7]. The
proposed initialization can be thought as a randomized version of that used in [25]. The randomness
enhances the robustness against outliers as we show via experiments, and moreover we prove that the
initialization indeed recovers the true clustering under a statistical assumption on data points.

We perform extensive experiments comparing the performances of the proposed scheme and other
prior SC methods. They show that it converges at an order of magnitude faster than known algorithms
optimizing the same SC objective, and outperforms prior SC methods in accuracy for MNIST handwritten
digit datasets. As we evidenced in experiments, our proposed scheme is in particular attractive for large-
scale datasets due to its low complexity, and we believe that it would find numerous applications involving

large-scale robust dimensionality reduction.

Organization: Chapter [2|introduces the a-SC optimization task, and explain the EM scheme to solve
it. In Chapter we propose an efficient iterative algorithm optimizing the a-SC objective and its
initialization method to avoid poor clustering. The proof on theoretical results of the algorithm and the

initialization method is presented in Chapter |44 We report our experimental results in Chapter



Chapter 2. Preliminaries

Let X = [z1,29,...,7,] € R¥"™ denote a data matrix of n data points in d dimensional space.
PCA is the problem of finding a low-dimensional subspace representation that best describes high-
dimensional data points. There have been extensive efforts in developing more robust PCA methods
in the literature [19} [12] [20] 21] by replacing the squared ¢3-norm by the ¢1-norm or the non-squared
lo-norm in the optimizing objective. However, most works on this line ignored the center parameter in
their optimization tasks, and robust PCA which jointly considers the center and subspace parameters
was recently studied [21] for optimizing the non squared ¢3-norm objective. In this paper, we study a
more generalized setup by introducing parameter 0 < a < 2 as follows:

n

a-PCA: W:rgiTnU:I; (I = UU ) (z; — b)|5, (2.1)

where b € R and U € R¥" (r < d) are center and basis parameters respectively. The prior PCAs with

non-squared and squared f5-norms correspond to @ = 1 and a = 2, respectively, where smaller a can

be used to enhance its robustness. The above PCA optimization is naturally generalized to the
following optimization for subspace clustering:

n m
a-SC: min SN wil(I = U;U ) (@i — by)lls, (2.2)

- [wi;],[6;],[U;1]:
[]j Uj:I, Z:n:l wijzl

i=1 j=1

where b;,U; indicate center and basis variables for the j-th subspace and w;; € {0,1} does a cluster

membership. We assume that the number m of clusters and the dimension r of subspaces are given.
Since the optimization task is NP-hard, it is impossible to compute a global optimum in general.

The popular approximation algorithm is an alternating method of EM type: alternatively update w;;

via taking the best cluster j for each data point x; and b, U from a PCA solver in each cluster, which is

formally described as follows.

SC-EM EM implementation for a-SC

Input: Data X € R%*" number of clusters m and dimension of subspace r.

Output: Cluster membership variable w;;, center vector b; and low dimensional subspace U;.
Initialize: Initialize w;; randomly
repeat
for all j do
1. Update b;, U; using current data points in cluster j by solving a-PCA..
end for
for all i,j do
2. Update clustering information w;; by finding the best cluster for each data point.
end for

until converge

If & = 2, an optimal solution of a-PCA can be computed by Singular Value Decomposition (SVD).
Using this observation, one can easily prove that SC-EM converges to a local optimum of (2.2)) when
« = 2. On the other hand, if @ # 2, it is far from being clear how to design a a-PCA solver. An

-3 -



iterative re-weighting algorithm was proposed [21] for o = 1 case, and the authors prove that it converges
monotonically to a local optimum of the a-PCA objective . We generalize the algorithm for any
0 < a < 2 and call it PCA-IR which is exactly same as standard PCA using SVD when a = 2 and
same as RPCA-OM [21] when o« = 1. In PCA-IR, 1 denotes the column vector with entire elements

being one.

PCA-IR Iterative re-weighting algorithm for a-PCA

Input: Data X € R¥*" dimension of subspace r.

Output: Center vector b and low dimensional subspace U.
Initialize: Set D as an identity matrix.
repeat
1. Update b as 1&%11 and U as the r largest singular vectors of XD — EilTlDTlD .
2. Update the diagonal matrix D as its i-th element is set by %[|(I — UU ")(x; — b)||§a_2).

until converge

The main idea of PCA-IR is that a sum of the squared f2-norm objective is relatively easy while
solving a sum of the a-th power of ¢5-norm objective is difficult. In each iteration of PCA-IR, instead

of solving original objective ([2.1)), we solve much easier objective

n

i d;\|(I = UU ) (z; — b)|2.
b,U:“(}#”U:,izzl I )z — b)13

where d; = 2(|(I-UU ") (z; — b)||ga72). After update b and U using SVD, we update d; and alternatively
update b, U and d; until the objective is converged.

We remark that the monotone and local convergence proof [21] does not directly generalize for
PCA-IR. In this paper, we do not prove the monotone and local convergence property of PCA-IR,
but one can easily prove it using similar approach to the proof of Theorem |1} If one use PCA-IR as
a subroutine of SC-EM, it might be slow for high-dimensional (large d) and large-scale (large n) data
because they require many SVD calls until its nested PCA-IR converges. The goal of this paper is to
develop a more efficient algorithm for optimizing the a-SC objective in addition to designing a

careful initialization method to avoid poor clusterings.



Chapter 3. Scalable Iterative Algorithm for Robust
Subspace Clustering

3.1 Algorithm description and monotone convergence

In this section, we describe our proposed iterative algorithms for optimizing the a-SC optimization
(2.2) for any choice of « € (0,2].

SC-SI Scalable iterative algorithm for a-SC

Input: Data X € R%*" number of clusters m, dimension of subspace r, a positive integer k.
Output: Cluster membership variable w;;, center vector b; and low dimensional subspace Uj;.

Initialize: Initialize b;, U;, w;; and the diagonal matrix D; using SC-IN.

repeat
for all j do
1. Update b; < % where W; is the diagonal matrix whose i-th element is w;;.

2. Update U; by the following steps where k is some positive integer.
repeat
Uj  XH;H] XTU; where H; = D;W; — PAGL D
U; < Orthonomalization of U; by QR decomposition.
until k£ times
end for
for alli,j do
3. Update the i-th element of diagonal matrix D; by §| (I — U;U}T) (z; — b;) ”ga—z).
4. Update w;; < 1if j € argming || (I — UpU,") (z; — be) |3 and w;; < 0 otherwise.
end for

until converge

Each iteration of SC-SI is designed to solve the following optimization instead of (2.2) directly:

in > dijwigll(I = U;U;) (i = ;) |13, (3.1)

m
[6;1,1U;], [wij]:

Z;n:1 w,J:LUJT UJiI

i=1 j=1

where d;; is the i-th diagonal element of D; that appears in Step 3 of the algorithm. By taking the

derivative with respect to b; and setting it to zero, one can obtain the optimal form of b; that appears

in Step 1 of the algorithm. Substituting this form of b; into (3.1)) and by using ||A||% = tr(AAT) where
|A||F and tr(A) denotes Frobenius norm and trace of matrix A respectively, we have

max tr (U XH;H] X"U;), (3.2)

[Uj]-,[wij]=UjTU7:1§j: (v 7 )

where H; is defined in Step 2 of the algorithm. The optimal U; of the above optimization can be

computed by SVD of X H;, which might be computationally expensive. Instead, SC-SI update U; by
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using inexact SVD performs only k iterations of the ‘subspace-iteration method’ [22] which involves a few
matrix-vector multiplications in Step 2. Furthermore, it uses U; at the previous iteration as the initial
point at the next iteration. Hence, if one chooses small k, e.g., k = 1, the computational cost of each
iteration is much smaller compared to that performing SVD exactly, in particular for high dimensional
data sets. Step 3 is designed for re-weighting the squared ¢2-norm in to the a-th power of /5-norm
in , and Step 4 rearranges data points to clusters using updated parameters. We note that for o = 2,
the classical setup, Step 3 is not necessary because D is always the identity matrix.

At a high level, the algorithm couples intermediate steps of three computational tasks: inexact SVD
(Step 1, 2), objective re-weighting (Step 3) and clustering assignments (Step 4). Compared to SC-EM,
SC-SI has much faster subspace selections because of (a) SC-SI uses a cheap inexact SVD procedure
in Step 2 and (b) SC-SI does not waits until the nested PCA procedure converges. Moreover, since the
algorithm only require simple matrix-vector multiplication, SC-SI requires much less memory than SC-
EM. Despite such computational efficiency, we prove that SC-SI also has the same desired monotone

convergence property stated as follows.

Theorem 1. For any o € (0,2], SC-SI monotonically decreases the objective value of (2.2)) at each

iteration. Furthermore, it converges to a local minimum of (2.2).

The proof of Theorem [1| is presented in Section We remark that even if SC-SI converges
monotonically, it does not mean the convergence to a local optimum of because it optimizes a
different objective in . Our proof strategy is similar to that in [21], but establishing the monotone
convergence of SC-SI imposes additional issues due to the parameter o and the modified procedures that
do not exist in [21]. To address the issues, we utilize some structural properties of QR decomposition

and certain monotonicity in terms of a.



3.2 Initialization

The clustering performance of SC-SI algorithm is sensitive to how U;,w;; and D; are initialized.
In this section, we aim for designing careful initialization techniques to avoid poor clustering. To this
end, we propose the initialization method, named SC-IN. It is intuitively natural: it iteratively finds
next center vectors with further distances probabilistically, where the distance is calculated using the
previously chosen subspaces and center vectors. A similar idea for the linear subspace setting was used in
[25], but the authors deterministically chooses next furthest centers as opposed to ours. The probabilistic
nature in our initialization makes it more robust to outliers. Specifically, the parameter S decides the
trade-off between robustness and accuracy, where a choice of lower 5 > 0 provide more robustness of the
proposed initialization. This is similar to the role of a in the a-SC objective. For practical purpose, we

choose B via cross-validation.

SC-IN Initialization method for SC-SI

Input: Data X € R¥*" number of clusters m, dimension of subspace r, 8 > 0, R, > 0 and N >r.
Output: Bj,ﬁj,@ij and ﬁj.
for j=1:m do

1. If j = 1, then choose the first center vector 51 uniformly random from data points X. Otherwise,

choose Bj from data points as Bj = x; with probability %7 where

_ : U (e — b IE
fol@.8) = _min_ (1= Uy Uf) (= b))

2. Let X ; be randomly chosen N points from the set of data whose distance from Zj is less than R..

3. Update Bj as Ej — N%-)?jl'
4. Update ﬁj as ﬁj + r largest singular vectors of X j _Zj 17,
end for
for all i,j do
5. Set the i-th element of diagonal matrix lA)j by 4| (I — UjUJT) (@i —bj) ||§a72).
6. Set w;; < 11if j € argming || (I — UgUZT) (x; — be) ||§ and w;; < 0 otherwise.

end for

Note that Step 2 of SC-IN is not practical but necessary for theoretical guarantee. In practice,
we suggest to modify the algorithm by setting X ; as N, number of nearest neighbors of b; instead of
selecting data whose distance between b; is less than R.. In other words, Step 2 of modified practical
initialization algorithm looks like the following: ‘Let )A(j be randomly chosen N data points from N,
nearest neighbors of Zj’,

Modified initialization method works well in practice but Theorem [2| is not satisfied any more,
because it does not guarantee uniform randomness of each column of X j- Detailed experimental setting
is described in Chapter

We obtain the following provable performance guarantee of the initialization method under a sta-

tistical assumption on data points.



Theorem 2. Suppose there are m number of clusters where the j-th cluster has an optimal subspace
U; € R and a center bj € R?. Suppose all U; are independent. i.e., UJU]- = U]TUe =0 for all £ # j.
Also suppose all b; satisfy 4/r(1 + €2) < ||b; — by||2 for all j # L. Let U;; € R~ be the orthogonal
subspace of Uj, i.e.,

U;U' +U; U =1 and U U; L = U} U; =0.

n—me
m

For the j-th cluster, draw points and each point is independently randomly generated as

UjS+UjL€+bj

where s and e uniformly chosen in [—1,1]" and {—\/ge, \/gs] - respectively. Let C; be the set of
points in the j-th cluster and C, be the set of data points not in clusters, namely, it is a set of outliers. We
suppose that number of outliers is n, where every x, € C, and x ¢ C, satisfies ||z, — x|z > 2/r(1 + €2)
for all j. Also we assume that there exists d, such that d, > ||z,||2 for all x, € Co. Suppose that ™~ is
asymptotically large number and d > r. Let @ be the set of points in the j-th cluster which is found by
SC-IN. Then when d — oo and N /d — X € (0,1), if we choose R, = 2/r(1 + €2) for SC-IN algorithm,

Cy,..., ém and Cy,...,Cp are isomorphic with probability at least

n—n, ””H (m — j)(az)?
no b () + (m— f)(a2)? + ongds

where ¢ = 2¢, /ﬁ%, a1 = (T +eyr and ag = /|1 — (2] (4\/7“(1 +2) — \/?)

The proof of Theorem [2]is presented in Section [.2] Theorem [2] guarantees the performance of our
initialization method. Approximately, a;, as and d, indicate how noise, signal and outliers are strong
respectively. According to Theorem |2, smaller € and d,, in other words less noise and outliers, makes
the lower bound more tighter. One interesting observation is when s is larger than «q and d,, larger
8 enhance overall performance. However, if ao is smaller than others, then proper small 5 enhance
robustness of the initialization method. In the real world, a power of noises is much smaller than a power
of signals while a power of outliers is much larger than a power of signals in many cases. Therefore, one
can use large 8 when there only exists noise and small 8 when there exists any outliers.

Moreover, assume that n, = 0 and ¢ = 0 which deduce ¢ =0, a3 =0, ap = 3/r and d, = 0. This
observation means the lower bound of Theorem [2| becomes 1 which means we always can recover true
clustering by using SC-IN and so that SC-SI recovers true clustering. However, even if under the same
condition, random initialization cannot guarantee true clustering for every initialization. For example, if

we choose by, ..., b, in the same cluster, with high probability, SC-SI cannot recover true clustering.



Chapter 4. Proofs of Theorems

4.1 Proof of Theorem [1

4.1.1 Proof of the monotone convergence of SC-SI

In this subsection, we show that the SC-SI algorithm monotonically decreases the objective .
As we discuss in Chapter it is clear that w;; and b; are updated to decreases the objective . On
the other hand, it is not clear that U; is updated to decrease the objective in since the algorithm
runs only a few iterations of the subspace-iteration method instead of SVD. To address this issue, we

first state the following key lemmas whose proofs are given in Section [4.1.3
Lemma 3. Consider the following subspace-iteration for a positive semi-definite matriz A € R4*4

U (1) + Orthonomalization of AU(0) by QR decomposition,

where U(0) € R¥™4 js an orthogonal matriz. Then, for any r < d, it follows that
ZU 0)] AU(0 <ZUA T AUA(L);,

where U(0);,Ua(1); denote the i-th column vectors of U(0),U4(1), respectively.

Lemma 4. For any x,y > 0 and « € (0,2],

2 2
ax «
for < @ Y

o 2y27o¢ =Yy 2y27a :

Now we are ready to complete the monotone decreasing property of SC-SI. Let W, D, B,U and
W\, lA), B , U be the current and updated (after one iteration) values of SC-SI. From Lemmafor positive
semi-definite matrix X H; H jT X, it follows that

S er(Uf XH;H]XTU) > (U] XH;H XTU;).
J J

Combining the above inequality and the optimality of B leads to
ZZ widig| (1 = O30 )i = by)lI < DD wigdi (I = U;U;) (@i = bj) 5. (4.1)

By using the definition of d,;, (4.1) reduces to

ZZ ol|(I = T;07) (i — b)) 13 <iiw al (I = U;Ul ) (@ — b)I3 12)
a = 1] o) .
S I - U U @ -0 IEY TS S 2 - U - b))
We further use Lemma F to obtain
UL - all (1 = T;07 ) (i — b)II3
wigll (I = ;07 ) (s — b))I$ — wiy d 2
ZZ[ ’ PR (I - U0 ) (s — b))13 s
n & all(I - U;U] ) (@ — b))|13 '
< wi| (I = U0 ) (@i — b))lI5 — w; 2
gg ’ P T (I = UUT ) (i — b))



Finally, from (4.2), (4.3 and the updating rule of w;;, we have

n

Zzwullf ;U ) (i — bj) %SZZ wi| (I = U;U;") (i = b)|l5.

=1 j=1

This completes the proof of the monotone decreasing property of SC-SI.

4.1.2 Proof of the convergence of SC-SI to a local optimum

The previous subsection guarantees the convergence of SC-SI. In this subsection, we show that the

SC-SI algorithm converges to a local optimum of (2.2)), i.e., the convergence point satisfies the KKT

condition of (2.2).

First, the Lagrangian function of (2.2) is the following

L1 ([wis], [b5], U], 1A [A]s [rag])

n m

=X wyll = UU (@i = by)l5 — Ztr (U] U; = DAy)
i=1 j=1

- Z (A ) (wg —1)) — Z Zﬂijwij(wij -1),
i= j=1 i=1 j=1

where A, A and p is Lagrange multipliers. Taking derivative with respect to w;j;,U; and b; respectively

and setting them to zero, one can obtain the KKT condition of (2.2 as the follows

oL o
5o = I = UpU) (e = by)[§ = A — vy = 0

i'j
oL, & (I = U U] (i — b)) (bye — 23) Uy

. —_ U-/A,'/ - O

i e [V 8 TP o
oL, —ia (1 -UyUf by )
Oy = I = Up U (s = b3

On the other hand, the Lagrangian function of (3.1) is the following
La([wigl, [b5], (U], [A515 A, [mig))

_szwwmnl U;U ) (@i — bj)|I5 — Ztr (U U; — DAy)

1=15=1
n m
Z (N Z wi; — 1)) — ZZUijwij(wiJ‘ —=1).
— j=1 i=1 j=1
Again, taking derivative with respect to w;j;,U; and b; respectively and setting them to zero, one can

obtain the KKT condition of (3.1)

oL
o = dirge (T = Up U ) (i = b)) [3 = Air = piryy = 0
’U}Z/j/
0Ls "
an/ = Z 2dij/wij/(l - UerJT)(:I:Z - bj/)(bj/ — xi)TUj/ - UjIAj/ =0
0Ly -
6bj, = ;2dij/wij/(f — Uj/U]T)(bj/ — l’l) =0

By substitute definition of di; = || (I — U;U") (x; — by) ||§“*2) into the above conditions (since the
algorithm converges), the above equations are equivalent to the KKT condition of (2.2). This concludes

that the SC-SI algorithm converges to a local minimum of (2.2)).
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4.1.3 Proofs of Lemma [3] and Lemma [4]

Proof of Lemma [Bl To begin with, the subspace-iteration can be summarized as follows
Ua(l)Ra = AU(0),

where R4 is an upper triangular matrix, namely, it is a QR decomposition of AU(0). Since A is
positive semi-definite, there exists a unique positive semi-definite square-root matrix B € R?*¢, or

simply, A = B2. Let us define Ug(0) = U(0) and consider the two steps of subspace-iterations for B
Ug(1)Rp(1) = BUg(0), Up(2)Rp(2) = BUg(1),
which implies that Up(2)Rp(2)Rp(1) = AU(0). Hence, without loss of generality, one can conclude that

Us(2) = Ua(L). (4.4)

Furthermore, let us define B(k) := Ug(k)" BUg(k), Qp(k + 1) := Up(k)"Up(k + 1) and observe that

w
=
I
=
e

_'
g Z
oy
e
I

Up(0)'Us(1)Rp(1) = @p(1)Rp(1),
B(1) =Up(1)"BUB(1) =Qp(1)'Up(0)" BUE(0)Q5(1) = @p(1) ' B(0)Qs(1) = Rp(1)@p(1).

Therefore, since B(0), B(1) are positive semi-definite, we have
B(0)*=Rp(1)"Rp(1),  B(1)*=Rp(1)Rp(1)".

Now we let sub[M] be the r-th principal submatrix of a matrix M € R%*? which is obtained from M by

removing the (r 4+ 1)-th to d-th rows and columns. Then, observe that
tr (sub [B(k)?]) = tr (sub [Up (k)" B*Up(k) ZUB k)] B2Up(k); = ZUB k)TAUg(k):, (4.5)

Since R(1) is an upper triangular matrix, it follows that

tr(sub [B(1)?]) — tr(sub [B(0)*]) = tr(sub [R(I)R(I)T]) — tr(sub [R(l)TR(l)D

r d r r r d r r d 46
LS RO - S RO = S RO - S ROE) =3 S (RO 0,
=1 j=1 =1 j=1 =1 j=1 =1 1=1 j=r+1

where (M);; is the (¢, j)-th element of a matrix M. Similarly, one can show that

tr(sub [B(2)?]) — tr(sub [B(1)*]) > 0. (4.7
Combining (4.4)), (4.5), (4.6) and (4.7 leads to the conclusion of Lemma 3. O

Proof of Lemma [4l To begin with, let us define f(z,y,a) as the following

9 2
flay,a) =2 — Sz + <a - 1) y?

«

We will prove that f(z,y,a) > 0 is satisfied for Vz,y > 0 and Vo € (0,2] and that leads to the proof of

the lemma. Taking derivative f(z,y,a) w.r.t. o, we obtain
2 « «
=) ()]
Oa a? | \y T
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Let z := (%)a, C .= iij and substitute z, C into the above equation then we obtain

of(z,y,0) _ C N
%0 —Z(l—l—lnz z).

Since C/z > 0 for Va,y,a > 0 and 1 +1Inz — z < 0 for Vz > 0, % < 0 for Vo,y,a > 0.
Therefore f(z,y,a) is decreasing function on « and it is easy to show that f(z,y,«a) = 0 when o = 2.
Thus f(z,y,a) > 0 for o € (0, 2]. O

4.2 Proof of Theorem 2

4.2.1 Proof of performance guarantee of SC-IN

In this section, we show that SC-IN guarantees successful clustering provably under a statis-
tical assumption on data points. We first state the following key lemmas whose proof is given in
Section 4.2.2 For Lemma andH we define { = 2¢, /ﬁfi Vd_T, a1 = (V1 +er and ay =

VR
V=T (4T +2) = vr).

Lemma 5. Under the same setting of Theorem E, Let Ej be a point of cluster j whose optimal center
vector is b; and optimal subspace is U;. Suppose we run Step 2 to 4 of SC-IN while fizing Ej. Also
suppose that we choose R, = QW, N >0 and B> 0. Let ﬁj and /b\j be outputs of the algorithm.
Then when d — oo and N/d — X € (0,1), following inequality is satisfied.

1UT; L2 < ¢

Lemma [5| shows that ‘distance’ between an optimal subspace U; and a reconstructed subspace ﬁj
by SC-IN is upper bounded in terms of SNR e, number of sampled data N , dimension of the data d

and dimension of subspaces r.

Lemma 6. Under the same setting of Lemmal5] following inequalities hold for all j and € # j.

A

(I = T,07 )iy — b))z <
(1 = T;0) (e — bj)ll2 > ao.

ai,

The first inequality of Lemmal[6]shows that any data point in same cluster with current center vector
has distance less or equal than «7, while the second inequality shows that any data point in different
cluster with current center vector has distance greater or equal than as. Therefore, by using Lemma
[6l we can calculate the probability to choose the next center vector in different clusters which do not
include already chosen center vectors.

Now we are ready to complete proof of Theorem [2} Suppose we randomly choose first center vector
by from not in C, which happens with probability (n — n,)/n Without loss of generality, let’s say by is
chosen from cluster 1.

Then a data point x is chosen as by by the probability of % If z is in the same cluster
with by, then fp(z, ) is upper bounded by the first inequality of Lemma@ Also, if x is in the different
cluster with by, then fp(x, ) is bounded by the second inequality of the same Lemma. Finally, by the
condition of Theorem |2} fp(z,,3) < d? for all z;, in C,.

Using these observations, we have the lower bound of probability to choose next center vector bg

from another cluster as the following

- 12 —



S Xidi (@i B)
Z::;fo fo(@in, B) + X 0m Z;:TO fo(@ie, B) + 32021 fo(@io, B)
(m — 1) 0 (a)”
() o+ (m = 1) 5 (02)F 4 ngdy

Prob(by from cluster not 1) =

Here, we emphasize that even in denominator term, lower bound of the probability to choose bs in
the different cluster with b;. It is because, the following function is a decreasing function on a

o _,__b
a+b a+b

Therefore, the following inequality is satisfied:

a mina

a+b " mina+minb

Suppose we choose all j number of center vectors in different clusters but not in outliers. Once by
is chosen from Cy, fp(x, 8) < a? while fp(z,8) > ag for z in unchosen clusters. Therefore, the lower

bound of probability to choose bj;1 from one of (m — j) clusters which are not chosen before is given by

Prob(bj4+1 from cluster not 1,...,j)

S S Sl B)

n—neo n—neo

- Yt Yt o, B)+ 0 Yt fo(wies B) + X0 fo(%io, B)

_ s\n=no B
N (m — )" (a2)

T jnme (00)B + (m— 5) P (ag)8 4 nydd

By the mathematical Induction, the lower bound of probability to choose center vectors in different

clusters is given by

n—"n, Tﬁl (m — j)n=ne (a2)5
no i ()P + (m— )2 (a2)P + nods

This completes the proof of Theorem

4.2.2 Proofs of Lemma [5] and Lemma [6]

Proof of Lemma [Bl To begin with, we first show that any data point x not in outliers, all data points
whose distance between x is less than 2\/m are all in same cluster.

For cluster j, each i-th point z;; is independently randomly generated as x;; = Ujs;; + Uj1€i5 + b,
where s and e uniformly chosen in [—1,1]" and [— \/ga \/gs} - respectively. Therefore, for all j,
Euclidean distance between z;; and b; is always less or equal than \/r(1 4+ €2) while minimum distance
between b; and by for all £ # j is 4\/@ . Therefore, the minimum distance between data points in
different cluster is larger than 2/7(1 + £2). In addition to, since we assume that ||z, —z||2 > 2/7(1 + £2)
for all j, z, € C, and x ¢ C,, if we assume that the center vector Zj is chosen not in outliers, the set of
data points whose distance between Bj is less than 2\/@ is exactly same as C;. In the algorithm,
X ; is generated by uniformly randomly choosing N number of data points from C;. From the observation,

X j can be represented as the following.



~ —~ N ~ d—r
where each column vector of S; € R™Y and E; € RE=)*N are in [—1,1]" and [—, [ 3556 dfrs]

respectively.

Let’s run Step 3 of the algorithm. Then now Bj is updated as the mean of )A(j7 or Bj N—X 1. Let
17]» = )?j _Zj 17. Then by the optimality of ﬁj, we have
I =G0 Yille < (1 = U;U; ) ¥ - (48)
Also, by triangular inequality property of norm, we have
1U5U;7Y; = U0 Y2 = 10,0 ¥ = Yjlla < 1Y = TG0} Vil (4.9)
Combining and , it follows that
|U;UY; — U0 V|2 < 2I|(1 - U;U)) Y2 = 20|U; LU Y2 = 201 (UL ). (4.10)

Since UTY is a r X r matrix and UJ_U UTY =0,

10} Ujll2on (U] Y;) < |T LUU ills
= UL UUY; - U U0 Y5
< |7 J_H 1U;U]Y; - U0 ]2

IIUngTYJ ~ ;U] Yilla

From the above inequality and (4.10), we have

. U,UlY; - U,U]Y; Uly;
U T ]l2 < | _ | <27 i JTLX). (4.11)
(U Y) UT(U]‘ j)
From the definition of }A/j, we have
UY; =U (U;S; + UL Ej+ (b; = bj)1T) = 8; + U (b; — b)1" 112)

ULY; =U] (U;S; + UL Ej+ (b; — bj)1T) = E; + U (b; — by)1 ™.

Since each data point of X j is generated independently and identically distributed, )7'] isadx N

random matrix whose entries are independent and identically distributed. Note that if we do not choose

N as = —te  entries of Y is not independent because in SC-IN algorithm, we choose X by distance from
b; not umformly random in cluster j. Therefore, we can find upper bound and lower bound of singular
value of 3//\} by using random matrix theory.

From Theorem 2 in [26], the smallest and largest singular value of a random matrix A € RVx"
whose entries are i.i.d. subgaussian random variable with zero mean and unit variance can be easily

deduced by

01(A) = VN + v/n,0,(A) = VN —/n, asn — oo and n/N — A € (0,1). (4.13)
In addition, by Chernoff Bound we can bound ||b; — b ||l2 as the following. Let’s define slf),éff) as

i-th entry of k-th element of Ej and Sj respectively. Then we have

2>\

N
“by 2 SR+ UED)
k=1
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Let b;; and R-j be i-th entry of b; and Zj respectively. Since §§;€),€§f) are random variable, Eij is also
random variable whose mean is b;;. By applying Chernoff Bound to Aij, we have

~ 5
P [\bl-j —bij| > 5bij] > 1 = exp(—£0%bij).

Let 6 = %, then we have

)|

- by 5 by,
P |:|b1] — bl]‘ > ]/\;:| >1- eXp(féﬁjz)

Therefore as N — 0o, |b;; — bij| goes to 0. Then |[b; — bj|loe = max; |b;; — bi;| goes to 0. Since 5 norm

is always smaller than ¢, norm, we have
b5 = bjll2 < [Ib; — bjlloc = max bij — bij| =0, as N — oo.
From the above inequality, we have
10 = )2 [l2 < 1b; = byl2 - 17}z = 0, as N — co. (4.14)
From (4.12), and (&14), when d — oo and N/d — A € (0,1) we have

o () < | e (VR4 VA=) b (1= 517) = [ e (VE +va=7)

o (U79)) 2 00 (8) = a1 (0 = B)1T) =0, (5) 2 VN = V7.

(4.15)

In the first inequality, ,/+"—¢ is multiplied because from (4.12), we have UJTJ_}/}J ~ F; where entries
of F; are in [—, [ 1€, ﬁs] while (4.13) is for matrix whose entries are in [—1,1].
By combining (4.11) and (4.15)), the proof is completed. O

Proof of Lemma [6l To begin with, we prove the first inequality. Let xi; = Ujsi; +UjLes; + by, then
by the triangular inequality and Chernoff Bound what we proved in Lemma |5 we have
I = T;0; )iy — )l = 1050 (a5 = )l = U] (w5 = b))l
= U} (Ussij + UjLei; +b; — b))
<0 Ussijlla + 11U Uz ressllz + 107 (b5 = b)ll2
~ U] Ujsisllz + 11U UjLesl2

d—r
Since e;; is uniformly chosen in [f, [ 355654/ dirs] , we have

10U Leijll2 < llesllz < ev/r.

Also from the property of norm and s;; is uniformly chosen in [—1,1]", we have
1T Ujsisllz < 10, Ujll2l1855]l2 < 1T, U ll2v/r.
From the above inequalities and by Lemma [5) we can prove the first inequality.
1T} Ujsisllz + 10 Usseijlla < 1T Usll2v/r + eV < GV + e/
Now we prove the last inequality for the Lemma. By the property of norm, Chernoff Bound and

HﬁjTUJ’Leinz < /7, we have

— 15—



(I = U;0] ) (wie = bj)ll2 = U] (i — 0))l|2
=||A (Ue ie+UeL€ie+be—gj)H2

> (U] (Uesie + be = )2 — 10}, U esell2
> (O], Uesic + be — by)l|2 — ev/r

= UL (Ussic +be — by + (b; — b))z — ev/r
~ || U] (Ugsic + be — bj)l|2 — ev/r

H L(Ug&e + by — bj)||2 denotes size of projection of Ussie + by — bj to the subspace UJJ_ Also the
minimum singular value of UL_ U, denotes the minimum value of projection of unit vector spanned by

U, to the subspace ﬁL_ Therefore the lower bound of this projection can be computed by
U, (Ugsic +be — b)) |2 > 0 (U; Ug) | Ugsic + be — bj ).
From the condition of Theorem [2, lower bound of ||Uys;¢ + by — bjl|2 is given by
1Uesie + be = bjll2 = [1bj — bellz — [|Uesiell2 = 44/7(1 +€2) —
By the condition that U;, U, are independent subspaces with rank r and by the definition of Uj; |,
o (U} U) > 04-r (U] UL ).
Therefore, we have

[1% L(UzszeﬂLbe*b M2 > oa—r( JLUJL (4m )

ad_r(ﬁL_Uj 1) denotes the minimum value of projection of unit vector u;; spanned by U, to the
subspace Uj . Let p; be the projected vector of u;, to the subspace U;; and p; be projected vector of
u;, to the subspace U;, . Then because U;U +U; U =1, |Ip;ll3 + [|B;]13 = 1. Note that by Lemma
the upper bound of ||p;||2 is given by ¢ while the lower bound of ||p;||2 is od_T(ﬁlejJ_). Therefore

we have,
o—d*T(UJLU]J-) VA&

Therefore,

1= 0,07 )@ie =)l 2 00 (01050 (4T +2%) = V) 2 VT = O (4T %) = Vo).
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Chapter 5. Experimental Results

5.1 Experiment setup

In this chapter, we report experimental results for the SC-SI algorithm to verify how our algorithm
is efficient and accurate than naive EM-style algorithm and other popular subspace clustering algorithms.
This chapter consists of two sections.

In the first section, we will show that how our proposed initialization method, SC-IN, affects
objective value convergence and clustering performance of our algorithm SC-SI and the naive EM
algorithm SC-EM mentioned in Chapter [2] on MNIST handwritten digit dataset. Also, we will report
relationship between value of «, 8 and robustness to noise and outliers of SC-SI algorithm.

In the last section, we will compare SC-SI and other clustering algorithms including median k-flat
algorithm (MKF) [25], local best-fit flats (LBF), spectral LBF (SLBF), their heuristic versions (LBF-
MS, SLBF-MS) [27], sparse subspace clustering (SSC) [28], low rank subspace clustering (LRSC), [29],
Structured Subspace Clustering [30] and robust subspace clustering (RSC) [31] on MNIST handwritten
digit dataset.

Performance Measure: FEvaluating performance of clustering result for labeled data is not trivial.
One of naive approach to measure performance of an algorithm is using classification error by matching
original class and each cluster appropriately. However, since matching cluster and class becomes more
difficult when number of cluster is large, this kind of approach cannot measure clustering performance
exactly when number of cluster goes large.

To alleviate the issue, we consider the following clustering error which is based on binary classification
error. Define a binary variable e;; = 1ciuster;=cluster;- In other words, e;; is 1 if data points i and j are
in same cluster, and 0 otherwise. Therefore, we can consider true positive and false positive of e;;. True
positive occurs when ,j are in the same cluster both in fact and in the result of a cluster algorithm,
Similarly, false positive, true negative and false negative can be also argued.

We use Jaccard index measure of how well a binary classification test correctly works, or simply, it
measures the performance of a clustering algorithm. Let TP, TN, FP and FN be the number of true
positives, true negatives, false positives and false negatives respectively. Then, the Jarccard index (JI)

are defined as the following.
TP

“TP+FP+FN’

The Jarccard index has value between 0 and 1 and higher score means better clustering performance.

JI

Obviously, we expect to achieve better performance than random label assignment. In standard classifi-
cation problem, performance of the random clustering is % if all class has equal number of data points.

However, in our setting, Jaccard indez of random clustering archives

1
= 1
JI dom clusteri = ni =
(random clustering) mn:1 m mn:1 T 51

where m is the number of clusters. For example, if m = 10, then baseline performance of clustering

algorithms is about 0.05.
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Note that our evaluation method should compare every n? pairs to compute exact performance
measure where n is number of total data points from data set X. However, if n goes large, O(n?)
complexity is too painful to evaluation method. To reduce the computation complexity of evaluation
method, we uniformly sample ns; number of data points from the data set X and compute JI only using

n? pairs for evaluation. We sample 10% of data points for performance measure to MNIST dataset.

Detailed setting for SC-SI: In all experiments below, we choose £ = 1 for SC-SI, which means
we only run a single iteration of the subspace iteration in Step 2 of SC-SI algorithm. The dimension
of low rank spaces r and § for SC-IN is determined by cross validation. We specify detailed value of
hyper-parameters for every dataset.

As we mentioned in Chapter in the practice, it is difficult to choose appropriate R, in Step 2
of SC-IN. Instead of choosing X j using R., we choose N number of data points from N, number of
nearest neighbors of each b;. However, we again emphasize that this modified method cannot guarantee
true clustering such as Theorem [2 because this breaks uniform randomness of X e

If detailed values of N and N, are not specified, we choose N, = n/m2 and N = 0.9 x N..

5.2 Convergence and Robustness of SC-SI

Convergence comparison between SC-SI and SC-EM: We show objective value and clustering
performance for each iteration of SC-SI and SC-EM on MNIST dataset whose dimension is 784 and the
number of data points is 60,000. We set « = 1, 5 = 10, » = 20, N = 600, N. = 1000 for the experiment.
We repeat 10 times for each algorithms and report their averages. The result is reported in Figure [5.1
As reported in Figure 5.1} SC-SI initialized by SC-IN is the fastest among other algorithms. When
randomly initialized, EM algorithm seems converged much faster than SC-SI. However if algorithms

initialized by SC-IN, SC-SI converges faster than SC-EM.

Required time per iterations comparison between SC-SI and SC-EM: We observe how re-
quired time per each iteration of SC-SI and SC-EM changes among the total number of data n, the
dimension of data d and subspace r when a = 1. We generate uniformly random data whose each entry
uniformly chosen in [—1,1]. We run 10 iterations for each random dataset with random initialization.
For each setting, we repeated our experiment 10 times. i.e., in Figure[5.2]each point is the average of 100
iterations. Since the computation complexity of algorithm is affected by n,d and r jointly, we observe
the relationship between each variable and the runtime of algorithms while fixing other variables. The
detailed setting of each experiment is described in Figure [5.2

The result shows that, each iteration of SC-SI is much more faster than SC-EM. Moreover, com-
putation complexity of SC-EM seems super-linear on dimension d and r. It is because complexity of
the SVD computation, the major bottleneck of the EM algorithm, is O(nd?) when n > d while SC-SI

theoretically and practically requires only linear computation complexity.

Robustness of SC-SI among various «,3: We show the clustering performance of SC-SI with
various « and 3 to noisy MNIST dataset. We add the addictive white Gaussian noise (AWGN) to given
dataset. Magnitude of noise is specified by SNR in dB scale. If SNR = 0dB, powers of noise and signal

are same. Note that larger SNR means less noise.
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Figure 5.1: Performance comparisons in (a) convergence and (b) clustering performance measured by
Jaccard Index between SC-SI and SC-EM. SC-IN and R-IN denotes different initializations, first one
is SC-IN in Section and a purely random one, respectively.
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Figure 5.2: Required running time per each iteration comparison between SC-SI and SC-EM. (a)
running time and n while d = 1,000 and r = 10, (b) running time and d while n = 10,000 and r = 10,
(¢c) running time and r while n = 10,000 and d = 1,000. In (a), (b), (c) each point is obtained from

averaging over 10 iterations for different 10 randomly generated samples.
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Figure 5.3: Performance comparison of SC-SI among different «, 5 and SNR (Signal-to-Noise) ratio in
dB. (a) a« = 1,2 for 8 =0, i.e., it is random initialization (b) « = 1,2 for 8 =1 (¢) 8 = 1,00 for a = 1.

For the experiment, we uniformly randomly sample 5% of data from MNIST training dataset to
reduce entire runtime. We set N = 30, N, = 50 for the experiment. The result is reported in Figure

The result shows that regardless of initialization, smaller « is much robust. Moreover, SC-IN is
more robust than random initialization while smaller 8 makes SC-IN is more robust.

However in some cases, especially number of data points is small and data have little noise, larger

« and 8 may perform much better than smaller one. We will discuss this issue later.
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5.3 Performance comparison between SC-SI and other algo-

rithms

We also compare the clustering accuracy of SC-SI with those of other spectral subspace clustering
algorithms including MKF [25], LBF, SLBF, their heuristic versions (LBF-MS, SLBF-MS) [27], SSC [28],
LRSC, [29], Structured Subspace Clustering [30], and RSC [31] for MNIST dataset.

To observe robustness of each algorithm, we add AWGN to the dataset with dB scale. Also we add
random outliers whose each entry is uniformly randomly chosen from [0, 255]. Since spectral methods
require to build a huge affinity matrix whose size is the number of data points by the number of data
points, we didn’t try spectral algorithms for entire MNIST training dataset which require 3.6 billion
entries to affinity matrix (If each entry is 4 byte float data type, we require more than 130GB memory
for affinity matrix). Instead of running algorithm to entire dataset, we randomly sample 5% of data and
run algorithms.

As we mentioned in Section Theorem [2| shows that we need smaller 5 when we have outliers.
To enhance robustness to outliers, we set & = 1 and 8 = 1 when we add outliers to data points while
we set 8 = 10 for non-outliers setting. For all algorithms, we choose a dimension of subspace r as 20.
Also for sampled dataset, to enhance performance of our algorithm, we repeatedly run SC-SI 3 times
and choose one which has the minimum converged objective value. The repeated result is reported as
SC-SI (repeated) in Table The overall experimental results are reported in Table and For
iterative algorithms, we repeat algorithms 10 times for each data settings. Also when we sample data,
we repeatedly sample data 10 times and run algorithms. Therefore, in Table each result of iterative
algorithms are average of 100 times experiments. In Table and we denote n,, = n/m, i.e., the
number of data points in each cluster. The results shows that (a) SC-SI outperforms other iterative
algorithms in accuracy but require more times to converge (b) SC-SI is significantly faster than other

spectral algorithms while archive much better accuracy.
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Table 5.1: Performance comparisons in the average clustering performance (measured by Jaccard index)
for the entire MNIST training data.

) ) SNR (dB) Outliers/nm
Algorithm Baseline
20 10 5 1 0 50% | 100% | 150% | 200%

SC-SI 0.42 0.42 | 0.40 | 0.43 | 0.38 | 0.43 || 0.43 | 0.34 0.36 0.32
K-means 0.13 0.13 | 0.11 | 0.09 | 0.09 | 0.09 || 0.13 | 0.13 0.13 0.12
MKF 0.10 0.10 | 0.10 | 0.10 | 0.10 | 0.10 || 0.10 | 0.10 0.10 0.10
LBF 0.21 0.20 | 0.24 | 0.26 | 0.26 | 0.25 || 0.20 | 0.20 0.20 0.21
LBF-MS 0.21 0.19 | 0.21 | 0.21 | 0.19 | 0.19 || 0.20 | 0.19 0.19 0.19
Structured SC | 0.30 0.29 | 0.22 | 0.15 | 0.11 | 0.09 || 0.29 | 0.29 0.28 0.29

Table 5.2: Performance comparisons in the average clustering performance (measured by Jaccard index)
for the 5% sampled MNIST training data.

Algorithm Baseline SNR (dB) Outliers/num
20 10 5 1 0 50% | 100% | 150% | 200%

SC-SI 0.32 0.31 | 0.32 | 0.30 | 0.28 | 0.30 0.29 | 0.28 0.29 0.28
SC-SI (Repeated) | 0.37 0.34 | 0.34 | 0.33 | 0.32 | 0.32 0.32 | 0.31 0.31 0.31
K-means 0.14 0.14 | 0.11 | 0.09 | 0.09 | 0.09 0.14 | 0.13 0.13 0.13
MKF 0.10 0.10 | 0.10 | 0.10 | 0.10 | 0.10 || 0.10 | 0.10 0.10 0.10
LBF 0.28 0.27 | 0.31 | 0.29 | 0.27 | 0.24 || 0.27 | 0.29 0.27 0.25
LBF-MS 0.23 0.24 | 0.30 | 0.28 | 0.27 | 0.26 0.24 | 0.24 0.22 0.22
Structured SC 0.31 0.28 | 0.22 | 0.16 | 0.11 | 0.09 || 0.28 | 0.27 0.28 0.27
SLBF 0.31 0.31 | 0.30 | 0.26 | 0.22 | 0.20 || 0.28 | 0.28 0.25 0.26
SLBF-MS 0.26 0.29 | 0.28 | 0.24 | 0.21 | 0.20 || 0.27 | 0.27 0.25 0.25
SSC 0.23 0.23 | 0.24 | 0.23 | 0.24 | 0.23 || 0.23 | 0.23 0.23 0.22
LRSC 0.30 0.25 | 0.18 | 0.12 | 0.08 | 0.07 || 0.26 | 0.26 0.27 0.25
RSC 0.20 0.29 | 0.20 | 0.21 | 0.22 | 0.21 || 0.20 | 0.19 0.23 0.23
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Chapter 6. Conclusion

Various methods have addresses to enhance the robustness of dimensionality reduction techniques.
However, they are very computationally expensive compared to non-robust ones. In this paper, we
design and analyze an efficient iterative SC algorithm and its initialization method.The algorithm is
desinged via optimizing a sum of the a-th power of /o-norm objective with 0 < a < 2, where it is
particularly attractive for high-dimensional and large-scale data. Considering the growing popularity
of dimensionality reduction techniques in the machine learning problems, we believe that our proposed

algorithm would find numerous applications in various domains.
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